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The anomalous proximity effect in dirty superconducting junctions is one of most striking phenom-
ena highlighting the profound nature of Majorana bound states and odd-frequency Cooper pairs in
topological superconductors. Motivated by the recent experimental realization of planar topological
Josephson junctions, we describe the anomalous proximity effect in a superconductor/semiconductor
hybrid, where an additional dirty normal-metal segment is extended from a topological Josephson
junction. The topological phase transition in the topological Josephson junction is accompanied by
a drastic change in the low-energy transport properties of the attached dirty normal-metal. The
quantization of the zero-bias differential conductance, which appears only in the topologically non-
trivial phase, is caused by the penetration of the Majorana bound states and odd-frequency Cooper
pairs into a dirty normal-metal segment. As a consequence, we propose a practical experiment for
observing the anomalous proximity effect.
Majorana bound states (MBSs) in topological super-
conductors [1–4], which have opened a promising avenue
for the realization of fault-tolerant quantum computa-
tions [5–7], have recently become a focus of intense re-
search in condensed matter physics. For the past decade,
the existence of MBSs has been experimentally demon-
strated in various topologically nontrivial superconduct-
ing systems including semiconductor/superconductor hy-
brids [8–16], magnetic atom chains fabricated on super-
conductors [17–19], and superconducting topological in-
sulators [20–26]. Based on this significant progress, the
time has come to go beyond proving the existence of
MBSs and investigate their deep characteristics more
thoroughly.
One of the most striking phenomena caused by MBSs
is an anomalous proximity effect in dirty superconducting
junctions. When a dirty normal-metal (DN) is attached
to a topological superconductor, the MBS penetrates into
the attached DN and induces various anomalies includ-
ing the formation of a zero-energy peak in the local den-
sity of states of the attached DN [27–31], the zero-bias
conductance quantization in a DN/superconductor junc-
tion [27, 32–34], and the fractional Josephson effect in
a superconductor/DN/superconductor junction [35, 36].
Moreover, it has been shown that there is an essential
duality between the MBSs and odd-frequency Cooper
pairs [37, 38], where pair functions of odd-frequency
Cooper pairs have an odd parity with respect to time
(frequency) [3, 39, 40]. Thus, the penetration of MBSs
into the DN simultaneously means that odd-frequency
Cooper pairs are formed in the attached DN [30, 37]. Al-
though the first theoretical prediction for the anomalous
proximity effect was made over 15 years ago [27], this ef-
fect has not been observed experimentally owing to a lack
of candidate materials hosting the MBSs. Nevertheless,
the recent and rapid progress achieved in the fabrication
techniques used in topological superconductors have shed
some light on this issue.
In this study, we focus on a planer topological Joseph-
son junction (TJJ) realized in recent experiments [13–15].
The MBSs of a TJJ originate not from the band topology
of the bulk states as is typically the case, but from the
non-trivial band topology of the Andreev bound states
appearing within the vicinity of the junction interface.
Owing to this peculiarity, it remains unclear whether a
TJJ has an anomalous proximity effect. To solve this
ambiguity, we studied the differential conductance of a
TJJ with an additional DN segment, as shown in Fig. 1.
Herein, we demonstrate that the minimum value of the
zero-bias differential conductance is quantized to 2e2/h
only during a topologically nontrivial phase (Fig. 3). In
addition, we discuss the penetration of the MBSs (Fig. 4)
and odd-frequency s-wave Cooper pairs (Fig. 5) into the
attached DN.
Notably, the proposed system is fabricated on a thin
film semiconductor, the microfabrication techniques of
which are well established. Moreover, the conductance
spectrum changes drastically through a topological phase
transition, which is driven simply by changing the super-
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FIG. 1. Schematic image of the planar topological Josephson
junction with the additional dirty normal-metal segment.
2conducting phase difference. As a consequence, we pro-
pose a practical experiment for observing the anomalous
proximity effect, which is a crucial subject in the physics
of both MBSs and odd-frequency Cooper pairs.
Model. In this study, we consider a semiconduc-
tor/superconductor hybrid, as shown in Fig. 1. Two spin-
singlet s-wave superconductors are fabricated on a thin
film semiconductor allowing the construction of a planer
TJJ. Moreover, an additional normal-metal segment is
extended from the TJJ segment. The extended normal-
metal segment contains disordered potentials that can
be introduced for instance by a focused ion beam tech-
nique [41, 42]. Herein, we describe the present system
using a tight-binding model, where a lattice site is in-
dicated by a vector r = jx + my. The junction con-
sists of three segments: a lead wire (−∞ ≤ j ≤ 0),
a DN segment (1 ≤ j ≤ LDN), and a TJJ segment
(LDN + 1 ≤ j ≤ ∞). In the y direction, the TJJ is
located between 1 ≤ m ≤ 2WS +WN with WS(N) rep-
resenting the width of the superconducting (normal) re-
gion. The width of the DN segment and lead wire is
given by WDN, where the center of the DN segment is
aligned with that of the TJJ segment. The TJJ is de-
scribed using a Bogoliubov–de Gennes (BdG) Hamilto-
nian, H = HN +H∆, with
HN =− t
∑
〈r,r′〉,σ
[
c†
r,σcr′,σ + h.c.
]
− µ
∑
r,σ
c†
r,σcr,σ
+
iλ
2
∑
r,σ,σ′
(σy)σ,σ′
[
c†
r+x,σcr,σ′ − c
†
r,σcr+x,σ′
]
−
iλ
2
∑
r,σ,σ′
(σx)σ,σ′
[
c†
r+y,σcr,σ′ − c
†
r,σcr+y,σ′
]
+ VZ
∑
r,σ,σ′
(σx)σ,σ′ c
†
r,σcr,σ′ , (1)
H∆ =
∑
j
WS∑
m=1
[
∆eiϕ/2c†
r,↑c
†
r,↓ + h.c.
]
+
∑
j
WN+WS∑
m=1+WS
[
∆e−iϕ/2c†
r,↑c
†
r,↓ + h.c.
]
, (2)
where c†
r,σ (cr,σ) is the creation (annihilation) operator
of an electron at r with spin σ (=↑, ↓), t denotes the
nearest-neighbor hopping integral, and µ is the chemical
potential. The strength of the Rashba spin-orbit cou-
pling is represented by λ. The Zeeman potential induced
by the externally applied magnetic field in the x direc-
tion is given by VZ . The amplitude of the pair potential
is denoted as ∆, where ϕ represents the superconducting
phase difference between the two superconducting seg-
ments. The Pauli matrices in the spin space are repre-
sented by σν (ν = x, y, and z). The DN segment is
described using HDN = HN +HDP with
HDP =
∑
r,σ
v(r)c†
r,σcr,σ, (3)
where v(r) is the disordered potential given randomly
within the range of −X ≤ v(r) ≤ X . The lead wire is
described as follows:
H ′ =− t′
∑
〈r,r′〉,σ
[
c†
r,σcr′,σ + h.c.
]
− µ′
∑
r,σ
c†
r,σcr,σ
+ V ′Z
∑
r,σ,σ′
(σx)σ,σ′ c
†
r,σcr,σ′ , (4)
where t′, µ′, and V ′Z represent the hopping integral, chem-
ical potential, and Zeeman potential in the lead wire, re-
spectively. We denote the hopping integral between the
lead wire and the DN segment (i.e., the hopping inte-
gral between j = 0 and j = 1) as tint. A more detailed
expression for the BdG Hamiltonian is given in Supple-
mental Material [43]. In the following calculations, we
fix the parameters as t = t′ = 1.0, tint = 0.1, µ = −3.5,
µ′ = −3.0, λ = 0.5, ∆ = 0.1, X = 1.0, WS = 18,
WN = 4, WDN = 10, and LDN = 20. In addition, we as-
sume that the relation of VZ = V
′
Z holds. For the random
ensemble average, 104 samples are used.
Before discussing the anomalous proximity effect,
we briefly summarize the topological property of the
TJJ [13]. To evaluate the topological number, we re-
move the DN segment from the TJJ and apply a peri-
odic boundary condition in the x direction. We repre-
sent the BdG Hamiltonian of the TJJ with momentum
kx using Hˇ(kx), where the explicit form of Hˇ(kx) is given
in Supplemental Material [43]. The TJJ intrinsically has
a particle–hole symmetry as Cˇ Hˇ(kx) Cˇ
−1 = −Hˇ(−kx)
with Cˇ2 = +1. In addition, the TJJ preserves the time-
reversal symmetry as Tˇ+ Hˇ(kx) Tˇ
−1
+ = Hˇ(−kx), where
Tˇ+ = MˇyTˇ− by satisfying Tˇ
2
+ = +1. Here, Mˇy and Tˇ−
represent a mirror symmetry operator with respect to
the x-z plane and a conventional time-reversal symmetry
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FIG. 2. Topological phase diagram as a function of the Zee-
man potential and superconducting phase difference.
3operator satisfying Tˇ 2− = −1, respectively. Combining
Tˇ+ and Cˇ+, the chiral symmetry of the TJJ is defined
as follows: Sˇ Hˇ(kx) Sˇ = −Hˇ(kx), where Sˇ = −Tˇ+Cˇ.
The explicit forms for the symmetry operators are given
in Supplemental Material [43]. Because Tˇ 2+ = +1 and
Cˇ2 = +1, TJJ belongs to the BDI symmetry class [44].
Thus, we can define a one-dimensional winding number
by [45, 46]
w =
1
4pii
∫
dkxTr
[
SˇHˇ−1(kx)∂kxHˇ(kx)
]
. (5)
According to the bulk-boundary correspondence, we can
expect the |w| MBSs at the interface between the TJJ
and DN (see Fig. 1). Simultaneously, we can also define
a Z2 topological number given by Z2 = (−1)
w [13]. In
fact, the mirror symmetry of Mˇy is easily broken by per-
turbations such as impurities, and the symmetry class
of the TJJ changes into class D. However, even in the
absence of mirror symmetry, the TJJ with odd winding
numbers can still exhibit a single MBS, which is actually
characterized by the Z2 topological number. Physically,
the single MBS is protected by the particle–hole symme-
try, which is preserved irrespective of the mirror symme-
try. In Fig. 2, we show the topological phase diagram
with the present parameter choices as a function of the
Zeeman potential and the superconducting phase differ-
ence. We find the topologically nontrivial (topological)
phases with various nonzero winding numbers, most of
which belong to the odd winding numbers.
Anomalous proximity effect. We now consider the
differential conductance in the present system, where
electrons are injected from the lead wire. Within the
Blonder–Tinkham–Klapwijk (BTK) formalism, the dif-
ferential conductance is calculated using [47–49]
G(eV ) =
e2
h
∑
ζ,ζ′
[
δζ,ζ′ −
∣∣reeζ,ζ′ ∣∣2 + ∣∣rheζ,ζ′ ∣∣2]
E=eV
, (6)
where reeζ,ζ′ and r
he
ζ,ζ′ denote a normal and Andreev re-
flection coefficient at energy E, respectively. The in-
dexes ζ and ζ′ label an outgoing and incoming channel
in the normal lead wire, respectively. These reflection
coefficients are calculated using lattice Green’s function
techniques [50, 51]. We assume a sufficiently low trans-
parency at the lead–wire/DN interface (tint = 0.1) such
that the bias voltage is mainly dropped at this inter-
face [28, 29]. Based on this assumption, the BTK for-
malism is quantitatively justified for bias voltages well
below the superconducting gap. In Figs. 3(a) and 3(b),
we show the differential conductance for the topological
phase with w = +1 and for the non-topological phase
(i.e., w = 0) as a function of the bias voltage, respec-
tively For the topological (non-topological) phase, we
choose VZ = 0.6∆ (0.2∆) and ϕ = pi (0.1pi). As shown in
Fig. 3(a), the conductance spectrum for the topological
G
(e
V
) 
[2
e
2
/h
]
0.0
0.5
1.0
-0.4 -0.2 0.0 0.2 0.4
eV/
(a) w = +1
G
(e
V
) 
[2
e
2
/h
]
eV/ 
(b) w = 0
0.00
0.05
0.10
-0.8 -0.4 0.0 0.4 0.8
VZ/

/
G
(e
V
=
0
) 
[2
e
2
/h
]
(c)
w=2
w=−2
FIG. 3. Differential conductance for (a) the topological phase
with w = 1 and (b) non-topological phase as a function of
the bias voltage. (c) Zero-bias differential conductance as a
function of the Zeeman potential and superconducting phase
difference. The yellow solid line denotes the topological phase
boundary .
phase shows a zero-bias peak structure, where the zero-
bias differential conductance (ZBC) is almost 2e2/h [27].
By contrast, as shown in Fig. 3(b), the conductance spec-
trum for the non-topological phase shows an almost M-
shaped structure, where the conductance enhancement
of approximately eV = ±0.3∆ is related to the Andreev
bound states formed at the junction interface of the TJJ.
In Fig. 3(c), the ZBC is shown as a function of the Zee-
man potential and superconducting phase difference. We
can see that the ZBC is almost 2e2/h for the entire topo-
logical phase with the odd winding numbers, whereas the
ZBC for the non-topological phase and that for the topo-
logical phase with the even winding numbers are almost
zero. Strictly speaking, the ZBC in the topological phase
with odd winding numbers is slightly greater than 2e2/h
because the normal propagating channels, which do not
couple with the MBS, can also contribute to the charge
current. Nevertheless, when the transparency from the
lead wire to the TJJ is sufficiently low, the contribution
from a resonant transmission channel related with the
MBS becomes dominant. Therefore, the minimal value
of the ZBC in the present junction is exactly quantized to
2e2/h [34]. The minimal conductance quantization dis-
appears with the even winding numbers (i.e., w = ±2).
This implies that the two MBSs can no longer retain their
degeneracy at zero-energy because of the broken mirror
symmetry owing to the disordered potentials in the DN
segment.
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FIG. 4. (a) Local density of states at zero energy as a func-
tion of the Zeeman potential and superconducting phase dif-
ference. (b) Local density of states in the topological phase
with w = +1 as a function of the energy and position within
the DN segment, plotted within the range 〈ρ(x,E)〉DN < 6.
Next, we discuss the local density of states (LDOS)
in the DN segment. The LDOS is calculated by the
formula ρ(r, E) = −Tr
[
Im
{
Gˇ(r, r, E + iδ)
}]
/pi, where
Gˇ(r, r′, E+ iδ) represents Green’s function. In addition,
Tr indicates the trace in the spin and Nambu spaces; δ
is a small imaginary part added to energy E. In the
following calculations, we fix δ = 10−5∆. In Fig. 4(a),
we show the LDOS at zero energy as a function of the
Zeeman potential and superconducting phase difference.
The LDOS is averaged in terms of the lattice sites in the
DN segment as 〈ρ(E)〉DN =
∑
r∈DN ρ(r, E)/SDN with
SDN = WDN × LDN. We can see that the zero en-
ergy LDOS in the DN segment suddenly increases when
the system intersects the phase boundary from the non-
topological phase to the topological phase. In Fig. 4(b),
we show the LDOS for 1 ≤ j ≤ LDN as a function of
the energy, where we consider the topological phase with
VZ = 0.5∆ and ϕ = pi (i.e., w = +1). Here, we average
the LDOS with respect to the lattice sites in the y di-
rection as 〈ρ(x,E)〉DN =
∑
y∈DN ρ(r, E)/WDN. We can
see that the LDOS has a steep zero-energy peak struc-
ture within the entire DN. The zero-energy peak struc-
ture appearing only in the topological phase implies that
the MBS of the TJJ penetrates into the attached DN.
The minimal conductance quantization shown in Fig. 3
is caused by the resonant transmission channel formed
by the penetrated MBS [33, 34].
Finally, we discuss the odd-frequency Cooper pairs
in the DN segment. Here, we only focus on the pair
amplitudes for the s-wave pairing symmetry because
anisotropic pairings are intrinsically destroyed by the dis-
ordered potential. According to the Fermi–Dirac statis-
tics, there are two possible s-wave Cooper pairs. The first
pair has a conventional even-frequency spin-singlet even-
parity (ESE) pairing symmetry whose pair amplitude is
evaluated by the following:
Fˆese(r, r, ω) =
Fˆ (r, r, ω) + Fˆ (r, r,−ω)
2
=
[
0 Fese(r, ω)
−Fese(r, ω) 0
]
, (7)
with Fˆ (r, r′, ω) being the anomalous part of the Matsub-
ara Green’s function with a Mastubara frequency ω. The
other possible Cooper pair belongs to the odd-frequency
spin-triplet even-parity (OTE) pairing symmetry, the
pair amplitude of which is given by the following:
Fˆote(r, r, ω) =
Fˆ (r, r, ω)− Fˆ (r, r,−ω)
2
=
[
−F xote + iF
y
ote F
z
ote
F zote F
x
ote + iF
y
ote
]
. (8)
Because of the internal spin degree of freedom of the spin-
triplet Cooper pairs, we have the three following compo-
nents: F νote(r, ω) for ν = x, y, z. In Figs. 5(a) and 5(b),
we demonstrate the pair amplitudes at a low-frequency
(ω = 10−4∆) as a function of the Zeeman potential and
superconducting phase difference. Here, we show the ab-
solute values of (a) F xote(r, ω) and (b) Fese(r, ω), where
the pair amplitudes are averaged in terms of the lattice
sites in the DN segment. As shown in Fig. 5(a), the OTE
Cooper pairs significantly increase in terms of their pair
amplitude during the topological phase, whereas their
amplitude during the non-topological phase are almost
zero. Moreover, we confirm that other components of the
OTE Cooper pairs (i.e., F yote and F
z
ote) also have signifi-
cant amplitudes during the topological phase. However,
as shown in Fig. 5(b), the pair amplitude of the ESE
Cooper pairs is strongly suppressed during the topolog-
ical phase. It has been shown that there is an essen-
tial duality in Majorana bound states and odd-frequency
Cooper pairs [37, 38]. Thus, experimental observations
of the anomalous proximity effect in the present system
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FIG. 5. Absolute value of (a) F xote(r, ω) and (b) Fese(r, ω)
as a function of the Zeeman potential and superconducting
phase difference. The pair amplitudes are averaged in terms
of the lattice sites in the DN segment, where a Matsubara
frequency of ω = 10−4∆ is chosen.
5will provide remarkable progress regarding the physics of
both Majorana bound states and odd-frequency Cooper
pairs.
Discussion. In summary, we demonstrated the anoma-
lous proximity effect of a planer TJJ. Notably, a TJJ it-
self has already been realized experimentally [14, 15]. To
experimentally observe the anomalous proximity effect,
the thermal coherent length ξT =
√
~D/2pikBT must be
longer than the length of the DN segment (i.e., LDN),
where T and D represent the temperature and diffusion
constant in the DN segment, respectively. Nonetheless,
because microfabrication techniques for semiconductor
thin-films have been well established, this condition can
be satisfied by tuning LDN or the strength of the po-
tential disorder. Hence, we propose a highly promising
experiment for observing the anomalous proximity effect
related to the essential natures of both Majorana bound
states and odd-frequency Cooper pairs.
We are grateful to S. Kashiwaya for the fruitful dis-
cussions. This work was supported by Grants-in-Aid
from JSPS for Scientific Research (B) (KAKENHI Grant
No. JP18H01176), and for Scientific Research (A) (KAK-
ENHI Grant No. JP20H00131). It was also supported
by the JSPS Core-to-Core program “Oxide Superspin”
international network.
[1] M. Z. Hasan and C. L. Kane, Rev. Mod. Phys. 82, 3045
(2010).
[2] X.-L. Qi and S.-C. Zhang, Rev. Mod. Phys. 83, 1057
(2011).
[3] Y. Tanaka, M. Sato and N. Nagaosa, J. Phys. Soc. Jpn.
81, 011013 (2012).
[4] M. Sato and Y. Ando, Rep. Prog. Phys. 80, 076501
(2017).
[5] D. A. Ivanov, Phys. Rev. Lett. 86, 268 (2001).
[6] C. Nayak, S. H. Simon, A. Stern, M. Freedman, and S.
DasSarma, Rev. Mod. Phys. 80, 1083(2008).
[7] J. D. Sau, D. J. Clarke, and S. Tewari, Phys. Rev. B 84,
094505 (2011).
[8] R. M. Lutchyn, J. D. Sau, and S. DasSarma, Phys. Rev.
Lett. 105, 077001 (2010).
[9] Y. Oreg, G. Refael, and F. von Oppen, Phys. Rev. Lett.
105, 177002 (2010).
[10] V. Mourik, K. Zuo, S. M. Frolov, S. R. Plissard, E. P.
A. M. Bakkers, L. P. Kouwenhoven, Science 336, 1003
(2012).
[11] M. T. Deng, C. L. Yu, G. Y. Huang, M. Larsson, P.
Caroff, and H. Q. Xu, Nano Lett. 12, 6414 (2012).
[12] H. Zhang, C.-X. Liu, S. Gazibegovic, D. Xu, J. A. Lo-
gan, G. Wang, N. van Loo, J. D. S. Bommer, M. W. A.
de Moor, D. Car, R. L. M. Op het Veld, P. J. van Veld-
hoven, S. Koelling, M. A. Verheijen, M. Pendharkar, D.
J. Pennachio, B. Shojaei, J. S. Lee, C. J. Palmstrøm, E.
P. A. M. Bakkers, S. D. Sarma, and L. P. Kouwenhoven,
Nature 556, 74-79 (2018).
[13] F. Pientka, A. Keselman, E. Berg, A. Yacoby, A. Stern,
and B. I. Halperin, Phys. Rev. X 7, 021032 (2017).
[14] A. Fornieri, A. M. Whiticar, F. Setiawan, E. Portole´s, A.
C. C. Drachmann, A. Keselman, S. Gronin, C. Thomas,
T. Wang, R. Kallaher, G. C. Gardner, E. Berg, M. J.
Manfra, A. Stern, C. M. Marcus, and F. Nichele, Nature
569, 89-92 (2019).
[15] H. Ren, F. Pientka, S. Hart, A. T. Pierce, M. Kosowsky,
L. Lunczer, R. Schlereth, B. Scharf, E. M. Hankiewicz, L.
W. Molenkamp, B. I. Halperin, and A. Yacoby, Nature
569, 93-98 (2019).
[16] S. Vaitieke˙nas, G. W. Winkler, B. van Heck, T. Karzig,
M.-T. Deng, K. Flensberg, L. I. Glazman, C. Nayak, P.
Krogstrup, R. M. Lutchyn, and C. M. Marcus, Science
367, eaav3392 (2020).
[17] T.-P. Choy, J. M. Edge, A. R. Akhmerov, and C. W. J.
Beenakker, Phys. Rev. B 84, 195442 (2011).
[18] S. Nadj-Perge, I. K. Drozdov, B. A. Bernevig, and A.
Yazdani, Phys. Rev. B 88, 020407(R) (2013).
[19] S. Nadj-Perge, I. K. Drozdov, J. Li, H. Chen, S. Jeon, J.
Seo, A. H. MacDonald, B. A. Bernevig, and A. Yazdani,
Science 346, 602 (2014).
[20] L. Fu and C. L. Kane, Phys. Rev. Lett. 100, 096407
(2008).
[21] Y. Tanaka, T. Yokoyama, and N. Nagaosa, Phys. Rev.
Lett. 103, 107002 (2009).
[22] J. Linder, Y. Tanaka, T. Yokoyama, A. Sudbø, and N.
Nagaosa, Phys. Rev. B 81, 184525 (2010).
[23] Y. S. Hor, A. J. Williams, J. G. Checkelsky, P. Roushan,
J. Seo, Q. Xu, H. W. Zandbergen, A. Yazdani, N. P. Ong,
and R. J. Cava, Phys. Rev. Lett. 104, 057001 (2010).
[24] S. Sasaki, M. Kriener, K. Segawa, K. Yada, Y. Tanaka,
M. Sato, and Y. Ando, Phys. Rev. Lett. 107, 217001
(2011).
[25] X.-L. Qi, T. L. Hughes, and S.-C. Zhang, Phys. Rev. B
82, 184516 (2010).
[26] Q. L. He, L. Pan, A. L. Stern, E. C. Burks, X. Che, G.
Yin, J. Wang, B. Lian, Q. Zhou, E. S. Choi, K. Murata,
X. Kou, Z. Chen, T. Nie, Q. Shao, Y. Fan, S.-C. Zhang,
K. Liu, J. Xia, and K. L. Wang, Science 357, 294 (2017).
[27] Y. Tanaka and S. Kashiwaya, Phys. Rev. B 70, 012507
(2004).
[28] Y. Tanaka, S. Kashiwaya and T. Yokoyama, Phys. Rev.
B 71, 094513 (2005).
[29] Y. Tanaka, Y. Asano, A. A. Golubov, and S. Kashiwaya,
Phys. Rev. B 72, 140503(R) (2005).
[30] Y. Tanaka and A. A. Golubov, Phys. Rev. Lett. 98,
037003 (2007).
[31] S. Higashitani, Y. Nagato, and K. Nagai, J. Low. Temp.
Phys. 155, 83 (2009).
[32] Y. Asano, Y. Tanaka, A. A. Golubov, and S. Kashiwaya,
Phys. Rev. Lett. 99, 067005 (2007).
[33] S. Ikegaya, Y. Asano, and Y. Tanaka, Phys. Rev. B 91,
174511 (2015).
[34] S. Ikegaya, S.-I. Suzuki, Y. Tanaka, and Y. Asano, Phys.
Rev. B 94, 054512 (2016).
[35] Y. Asano, Y. Tanaka, and S. Kashiwaya, Phys. Rev. Lett.
96, 097007 (2006).
[36] S. Ikegaya and Y. Asano, J. Phys.: Condens. Matter 28,
375702 (2016).
[37] Y. Asano and Y. Tanaka, Phys. Rev. B 87, 104513
(2013).
[38] S. Tamura, S. Hoshino, and Y. Tanaka, Phys. Rev. B 99,
184512 (2019).
[39] V. L. Berezinskii, Zh. ETF Pis. Red. 20, 628 (1974)
[JETP Lett. 20, 287 (1974)].
6[40] J. Linder and A. V. Balatsky, Rev. Mod. Phys. 91,
045005 (2019).
[41] S. Rubanov and P. Muroe, J. Microsc. 214, 213 (2004).
[42] L. A. Giannuzzi and F. A. Stevie, Introduction to focused
ion beams: Instrumentation, theory, techniques and prac-
tice (Springer, 2005).
[43] See Supplemental Material at XXX for the detailed ex-
pression of the BdG Hamiltonian and symmetry opera-
tors.
[44] A. P. Schnyder, S. Ryu, A. Furusaki, A. W. W. Ludwig,
Phys. Rev. B 78, 195125 (2008).
[45] M. Sato, Y. Tanaka, K. Yada, and T. Yokoyama, Phys.
Rev. B 83, 224511 (2011).
[46] S. Tewari and J. D. Sau, Phys. Rev. Lett. 109, 150408
(2012).
[47] G. E. Blonder, M. Tinkham, and T. M. Klapwijk, Phys.
Rev. B 25, 4515 (1982).
[48] C. Bruder, Phys. Rev. B 41, 4017 (1990).
[49] S. Kashiwaya and Y. Tanaka, Rep. Prog. Phys. 63, 1641
(2000).
[50] P. A. Lee and D. S. Fisher, Phys. Rev. Lett. 47, 882
(1981).
[51] T. Ando, Phys. Rev. B 44, 8017 (1991).
7Supplemental Material for
“Anomalous Proximity Effect of Planer Topological Josephson Junctions”
S. Ikegaya1, S. Tamura2, D. Manske1, and Y. Tanaka2
1Max-Planck-Institut fu¨r Festko¨rperforschung, Heisenbergstrasse 1, D-70569 Stuttgart, Germany
2Department of Applied Physics, Nagoya University, Nagoya 464-8603, Japan
BOGOLIUBOV-DE GENNES HAMILTONIAN
In this section, we present the detailed expression for the tight-binding Bogoliubov-de Gennes (BdG) Hamiltonian
for a topological Josephson junction (TJJ) with an additional dirty normal-metal (DN) segment as shown in Fig. 6. A
lattice site is indicated by a vector r = jx+my. The junction consists of three segment: a lead wire (−∞ ≤ j ≤ 0),
the dirty normal-metal segment (1 ≤ j ≤ LDN), and the TJJ segment (LDN + 1 ≤ j ≤ ∞). In the y direction,
the TJJ is located between 1 ≤ m ≤ Wall, where Wall = 2WS + WN with WS(N) representing the width of the
superconducting (normal) segment. The lead wire and DN segment are located for W ′ + 1 ≤ m ≤W ′ +WDN, where
W ′ = (Wall −WDN)/2. The BdG Hamiltonian reads,
Hall = H +HDN +H
′ +Hint. (9)
m=1
m=W'
m=Wall
j=1 LDN
WS
WN
WS
WDN
x
y
FIG. 6. Schematic image of the planar topological Josephson junction with the additional dirty normal-metal segment.
8The first term in Eq. (9) describes the TJJ,
H =− t
∞∑
j=LDN+1
Wall∑
m=1
∑
σ=↑,↓
[
c†
r+x,σcr,σ + c
†
r,σcr+x,σ
]
− t
∞∑
j=LDN+1
Wall−1∑
m=1
∑
σ
[
c†
r+y,σcr,σ + c
†
r,σcr+y,σ
]
− µ
∞∑
j=LDN+1
Wall∑
m=1
∑
σ
c†
r,σcr,σ
+
iλ
2
∞∑
j=LDN+1
Wall∑
m=1
∑
σ,σ′
(σy)σ,σ′
[
c†
r+x,σcr,σ′ − c
†
r,σcr+x,σ′
]
−
iλ
2
∞∑
j=LDN+1
Wall−1∑
m=1
∑
σ,σ′
(σx)σ,σ′
[
c†
r+y,σcr,σ′ − c
†
r,σcr+y,σ′
]
+ VZ
∞∑
j=LDN+1
Wall∑
m=1
∑
σ,σ′
(σx)σ,σ′ c
†
r,σcr,σ′ ,
+
∞∑
j=LDN+1
[
WS∑
m=1
(
∆eiϕ/2c†
r,↑c
†
r,↓ + h.c.
)
+
Wall∑
m=1+WS
(
∆e−iϕ/2c†
r,↑c
†
r,↓ + h.c.
)]
, (10)
where c†
r,σ (cr,σ) is the creation (annihilation) operator of an electron at r with spin σ =↑, ↓, t denotes the nearest-
neighbor hopping integral, µ is the chemical potential. The strength of the Rashba spin-orbit coupling is represented
by λ. The Zeeman potential due to the externally applied magnetic field in the x direction is given by VZ . The
amplitude of the pair potential is denoted with ∆, where ϕ represents the superconducting phase difference between
the two superconducting segments. The Pauli matrices in spin space are represented by σν for ν = x, y, z. The
second term in Eq. (9) denotes the Hamiltonian for the DN segment,
HDN =− t
LDN∑
j=1
W ′+WDN∑
m=W ′+1
∑
σ
[
c†
r+x,σcr,σ + c
†
r,σcr+x,σ
]
− t
LDN∑
j=1
W ′+WDN−1∑
m=W ′+1
∑
σ
[
c†
r+y,σcr,σ + c
†
r,σcr+y,σ
]
− µ
LDN∑
j=1
W ′+WDN∑
m=W ′+1
∑
σ
c†
r,σcr,σ
+
iλ
2
LDN∑
j=1
W ′+WDN∑
m=W ′+1
∑
σ,σ′
(σy)σ,σ′
[
c†
r+x,σcr,σ′ − c
†
r,σcr+x,σ′
]
−
iλ
2
LDN∑
j=1
W ′+WDN−1∑
m=W ′+1
∑
σ,σ′
(σx)σ,σ′
[
c†
r+y,σcr,σ′ − c
†
r,σcr+y,σ′
]
+ VZ
LDN∑
j=1
W ′+WDN∑
m=W ′+1
∑
σ,′
(σx)σ,σ′ c
†
r,σcr,σ′
+ µ
LDN∑
j=1
W ′+WDN∑
m=W ′+1
∑
σ
v(r)c†
r,σcr,σ, (11)
9where v(r) is the disordered potential given randomly in the range of −X ≤ v(r) ≤ X . The third term of Eq. (9)
describes the lead wire,
H ′ =− t′
−1∑
j=−∞
W ′+WDN∑
m=W ′+1
∑
σ
[
c†
r+x,σcr,σ + c
†
r,σcr+x,σ
]
− t′
−1∑
j=−∞
W ′+WDN−1∑
m=W ′+1
∑
σ
[
c†
r+y,σcr,σ + c
†
r,σcr+y,σ
]
− µ′
−1∑
j=−∞
W ′+WDN∑
m=W ′+1
∑
σ
c†
r,σcr,σ
+ V ′Z
−1∑
j=−∞
W ′+WDN∑
m=W ′+1
∑
σ,′
(σx)σ,σ′ c
†
r,σcr,σ′ , (12)
where t′, µ′ and V ′Z represent the hopping integral, chemical potential, and Zeeman potential in the normal wire,
respectively. The last term of Eq. (9) gives the coupling between the lead wire and the DN segment,
Hint = −tint
W ′+WDN∑
m=W ′+1
∑
σ
[
c†j=1,m,σcj=0,m,σ + c
†
j=0,m,σcj=1,m,σ
]
, (13)
where the hopping integral between the lead wire and the DN segment is given by tint.
SYMMETRY OF TOPOLOGICAL JOSEPHSON JUNCTION
In this section, we discuss the symmetry properties of the TJJ. We here remove the DN segment and lead wire from
the TJJ. By applying the periodic boundary condition in the x direction, the BdG Hamiltonian of the TJJ, which is
given in Eq. (10), can be deformed as
H =
1
2
∑
kx
C
†
kx
Hˇ(kx) C
†
kx
,
Ckx =
[
Ckx↑,Ckx↓,C
†
kx↑
,C†kx↓
]T
, Ckxσ = [ckx,1,σ, ckx,2,σ, · · · ckx,Wall,σ]
T , (14)
Hˇ(kx) =
[
hˆ(kx) ∆ˆ
−∆ˆ∗ −hˆ∗(−kx)
]
,
with
hˆ(kx) =
[
ξ¯(kx) −iλ¯x(kx)− λ¯y + V¯Z
iλ¯x(kx)− λ¯y + V¯Z ξ¯(kx)
]
,
ξ¯(kx) = {2t (1− cos kx) + 2t− µ} I¯ +


0 −t 0
−t 0 −t
. . .
. . .
. . .
−t 0 −t
0 −t 0

 , λ¯y =


0 −iλ/2 0
iλ/2 0 −iλ/2
. . .
. . .
. . .
iλ/2 0 −iλ/2
0 iλ/2 0

 ,
λ¯x(kx) = λ sin kxI¯ , V¯Z = VZ I¯ ,
(15)
and
∆ˆ =
[
0 ∆¯
−∆¯ 0
]
, ∆¯ =

 ∆˜+ 0ON
0 ∆˜−

 , ∆˜± =


∆e±iϕ/2 0
. . .
0 ∆e±iϕ/2

 , (16)
where c†kx,m,σ (ckx,m,σ) is the creation (annihilation) operator of an electron at y = ma0 layer with momentum kx
and spin σ. A¯ (A˜) represents a Wall ×Wall (WS ×WS) matrix. I¯ and ON represent the Wall ×Wall unit matrix and
WN ×WN zero matrix, respectively.
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The standard time-reversal symmetry operator in this basis is given by
Tˇ− =
[
iσˆy 0
0 iσˆy
]
K, σˆy =
[
0 −iI¯
iI¯ 0
]
, (17)
with obeying Tˇ− = −1, where K represents the complex-conjugation operator. The mirror reflection symmetry
operator with respect to the x-z plane is defined as
Mˇy =
[
Mˆy 0
0 Mˆ∗y
]
, Mˆy = i
[
0 −iP¯y
iP¯y 0
]
, P¯y =


0 1
. .
.
1 0

 , (18)
with obeying Mˇ2y = −1, where the mirror reflection in the spatial coordinate is described by P¯y . The BdG Hamiltonian
Hˇ(kx) does not have the standard time-reversal symmetry of Tˇ− and mirror reflection symmetry of Mˇy. Nevertheless,
Hˇ(kx) satisfies
Tˇ+ Hˇ(kx) Tˇ
−1
+ = Hˇ(−kx),
Tˇ+ = MˇyTˇ+ = −
[
Pˆy 0
0 Pˆy
]
K, Pˆy =
[
P¯y 0
0 P¯y
]
,
(19)
which represents time-reversal symmetry of Hˇ(kx) with Tˇ
2
+ = +1. The BdG Hamiltonian intrinsically preserves
particle-hole symmetry as
Cˇ Hˇ(kx) Cˇ
−1
+ = −Hˇ(−kx), Cˇ+ = −
[
0 Iˆ
Iˆ 0
]
K, (20)
with obeying Cˇ2 = +1, where Iˆ represent 2Wall × 2Wall unit matrix. By combining Tˇ+ and Cˇ, we obtain chiral
symmetry of Hˇ(kx) as
Sˇ Hˇ(kx) Sˇ
−1 = −Hˇ(kx), Sˇ = −Tˇ+Cˇ = −
[
0 Pˆy
Pˆy 0
]
. (21)
Since Tˇ 2+ = +1 and Cˇ
2 = +1, the BdG Hamiltonian Hˇ(kx) belongs to the BDI symmetry class. Thus, we can defined
the one-dimensional winding number calculated by
w =
1
4pii
∫
dkxTr
[
SˇHˇ−1(kx)∂kxHˇ(kx)
]
, (22)
which is also given in the main text.
